Concept Notes For Reading Fime value of money

Reading Summary

This reading is the most important reading for the CFA Level 1 Examination as it covers the basics of
present value (P\Of the expected future cash flows. The PV concept is used throughout the curriculum
with major emphasis in Equity Valuation, Fixed Income valuation and corporate finance. A mastery of
time value is paramount to be successful in the examination.

The topic overs calculation of present value and future value for a single cash flow, a series of cash
flow (known as annuity), computation of effective rate, problems related to mortgages, retirement.
Understanding of time line is critical and it is advised that¢hndidates should draw the timeline while
solving any problems. For easy problems it might look that drawing time line is waste of time but
timeline is important when you are solving complex problems with multiple cash flows as the timeline
will give a prfect picture of the cash inflows and outflows.

Basic Idea and Concepts

Time Value of Money (TVM) links cash flow, interest rate, compounding frequency, time period and the
present value or the future value. TVM reflects that a $1 amount with a persaytis more valuable

than $1 at a future date because $1 can be invested now and interest can be earned on the investment.
TVM would require calculation of Future Value (FV), which is result of compounding the investment at a
certain interest rate. TVMIso entails finding the present value (PV), which is reverse of compounding
and is referred as discounting. Comparison of PV or FV is very useful in analyzing investments and then
making an investment decision. As an investor you would be more interesiegést in those

products which will fetch you more money in the future for the same amount invested today.

Usage of Financial Calculator

Solving TVM problems becomes very easy when you are using financial calculator. There are 2 types of
calculator perntied in the CFA Exam, one from Hewlett Packard and another from Texas Instruments.
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used in the past and are easy to master.

In T1 BA 1l Plus calculatorwbave a set of TVM Calculation Key. The following are the function keys
available for TVM calculation

N = Number of compounding periods FV = Future value

IY = Interest rate per compounding period | PMT = Annuity payments, or constant periodic cash
flow

PV = Present value CPT = Compute

We will provide detail in some of the questions on the operation of the calculator.

Timeline
Timeline is a representation of the cash flows with respect to time. We follow a notation when drawing
a timeline
e Cash Outflowg Any cash outflow is treated a¢egative
e Cash Inflowg Any cash outflow is treated #&ositive
T=0 T=1 T=2 T=3 T=4
| |

-$500 $200 $200 $200 $200
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In the timeline above, we have an initial investment of $500 being dmakehence it is an outflow, that

is why we have taken the amount €500 in the timeline. Since the initial investment is done now, the
time has been put as T=0 in the timeline. Likewise we are getting a series of return every period from
the investment,since the amount of $200 is cash inflow to us, we have taken a positive sign for it. There
are four payments of $200 each received and hence we are displaying four payments in the time line.
Drawing a time line is a good idea to solve any TVM problem.

LOSh.a. Interpret interest rates as required rate of return, discount rate or opportunity cost

There arghree waysin which we can interpret the interest rates:

1. Required rate of returnis the return required by the investors to postpone their current

consumption to a future period.

2. Discount rateis the rate used to discount the future cash flows (that is the money to be received in

the future) to the current period. In essence discount rate and required rate are one and the same. We

use the termd R & O 2 dzytadibringJa futBré cash flow to present period and the tefinNS || dzA NBE R NJ { S ¢
to compound a current cash flow to future period.

3. Opportunity costis the benefit that investors would have received if they had invested their money

in some othelinvestment and they are investing in any other product of the same risk they should be

able to meet the opportunity cost. This can also be said as the value that investors forego by choosing a
particular investment. This would be clear from the followexgmple:

Suppose an investor has taken loan at the rate of 10% pa from a bank and is offered an opportunity to
Ay@Said Ay F LINBRdzOG ! gKAOK A& LINBYAaAAYy3I || @AStR 2
would invest in any other product havisgme risk if the return from the other product is more than

12%.

LOS 5.b Explain an interest rate as the sum of a real-higk rate, expected inflation, and premiums
that compensate investors for distinct types of risk;
When there are no uncertaingnd no inflation then the interest rate received by the investor is known
asReal Risk Free Rat&he risk free rate is observed in only the government bonds (also known as
treasury securities), however these are not real rate as there is some amouffiatibmpresent. The
interest rate given by the government securitiepNsminal risk free rate.
Here we bring the concept dafflation premium. When an inflation premium is added to real risk free
rate, the resulting rate is the nominal risk free ratelléwing equation will make things clear

(1 + Nominal Risk Free Rate) = (1 + Real RiskFree Rate) * (1 + expected inflation)
Or we can approximate the equation to;

Nominal Risk Free Rate = Real Risk Free Rate + Expected inflation

Since we are in an uncertain world there are risks present in any investment, an investor should be
compensated for these risks, as a result the required return need todreared by what is termed as
risk premium.There are three types of risk premium we will discuss in this topic, these are:

e Default Risk Premiunis the premium added for the likelihood or the probability that the
borrower will not meet interest oprincipal payment on time and is likely to default on the
loan.When there is higher uncertainty the premium would be more.

e Maturity Risk Premiums the premium that one obtains for parting away with his money for
longer period of time. Typically as the abdays of an investment increases, the investor is
being deprived of his wealth for longer time hence the investor should be compensated by way
of higher return. This higher return is attributed as maturity risk premium.

e Liquidity Risk Premiunms the prenium provided to the investor for investing in securities
having low liquidity. Liquidity here implies how fast the asset can be sold in the market and
money received. Typically real estate investments give higher return because the investment is
not liquid, it may take months to sell a property and hence liquidity premium should be more.
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So, for an investor the required return on equity should be the approximately the sum of real risk free
rate and the various premiums.
Required rate = Real Risk Free Rattnflation Premium + Default Risk premium

+ Liquidity Risk premium + Maturity Risk premium
In Fixed Income study session 15, reading 61, we will come across other risk premiums that an investor
should consider when investing.

LOS 5.cCGalculate andnterpret the effective annual rate, given the stated annual interest rate and the
frequency of compounding

Compounding is a concept in which interest accumulate over a period of time. A compounding period is
a period in which interest is accrued or accuated; there can be different compounding period in a

year.

There arghree ways in which we can quote the interest rate in a year

e Periodic Interest rateg This is the interest rate that is applicable for a period, the period can be
1 month, 1 day, 1 year@nything. For example if the 6 months periodic rate is 5%, it means
that we will get return of 5% in 6 month.

e Stated annual interest rate; This is also known as quoted interest rate. Here the interest rate
is stated annually, so for the example of theripdic rate given above, the stated annual rate
will be 5% multiplied by 2 or 10%.

o Effective annual rate (EARAKes the effect of compounding within a year. For a stated annual
rate, the higher the number of compounding the higher is the effective amatwal EARcan be
stated as per the following formula

EAR = (1 + Periodic Rate)Number of Periods ina year __ 1
Where,periodic rate =Stated annual rate / Number of compounding period in a year

Continuous compounding &sconcept in which there is infinite number of compounding period in a
year. The interest rate thus is called as continuous compounding interest rate.
For a continuous compounding rate, the EAR is given as
EAR=¢e" — 1
Where r is thestatedannualrate

Concept Builderi Effective Annual Rate Computation Single Computation
1. Find Effective Annual rate for afdadeposit, in which the stated interest rate3% per annunand
the frequency of compounding is seamnually
Answer
Remember whenever ware computing effective annual rate, we need to find first the periodic rate
Periodic rate = stated rate / number of periods in a year
E Periodic rate = 8%/2 = 4%

E EAR=(1.04)1 = .0816 =8.16%

Concept Builder; Effective Annual Rate ComputatianUnderstanding increasing frequency
2. For a bank deposit, the stated interest rate is 12% per annum compounded monthly?
Find the Effective Annual Rate (EAR), for the following compounding frequency

a) Semiannually b) Quarterly c) Monthly d) Daily e€) Continuously

Answer
a) When the compounding is serannual => EAR = (1.66)1 = 12.36%
b) When the compounding is quarterly => EAR = (1 ©3)= 12.5509%
Calculator TIPPressl.03; then press/ function key (present above 9), now press 4
E You have computed 1.03 nowyou press-; then press 1; then multiply by 100 to get the rat
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c) When the compounding is monthly=> EAR = (’@1) = 12.6825%
d) When the compounding is daily=> periodic rate = 12%/365 = 0.032877%
EAR = (1.000328)¢ 1 = 12.7475%

e) The EAR for a continusly compounding rate ie” z 1; please note that r is the stated rate
E EAR =127 1=12.7496% or 12.75%
Calculator TIPPres€.12 then Press 2; then press LN (present on the left side of 7); this will
computee®12 ; now subtract 1; after this multiply by 100.
Now, the stated rate was 12%, as we increase the number of compounding, you can see that the
increasing, this is primarily because as the compounding period increases, the more interest is ez

on theinterest, so it results in higher effective rate.

Thehighest possible effective interest ratevould be achieved wheoontinuous compoundings done.

LOS 4. Solve time value of money problems when compounding periods are other than annual,

When canpounding periods are not annually then we must take into consideration that the number of
period will be more than 1. Also we need to adjust the periodic rate to reflect this.

As a thumkrule, if there arem periodsin a year and there ane years then we should divide the

interest rate by m and multiply the number of years by m.

For example, if we are required to solve for a problem in which the stated rate is 8% pa, with quarterly
compounding and 5 years, we should have the periodic rate as 2% andrtiteenof periods as 20.

Concept Buildeg, Finding Future Value when compounding period is more than annual
3. Canara bank is offering interest rate of 9.15% for fixed deposits for 2 years. The compoundin
guarterly, how much amount would you receive at #ed of the period, if you deposit $1000.
Answer
There are 2 approach to solve problems of this kind
1. Find EAR and then find the FV using the compoundfogmultiple years
Periodic rate = 9.15%/4 = 2.2875%
EAR = (1.02287%) 1 = 9.4688%
FV = PV(1 + EAR)
So the amount after 2 years will be equal to = 1000 * 1.0926881,198.3412
2. Solve directly using the calculator
Here FV =7
PV =$1000 (Notecve sign) ; PMT =0 ; I/Y =9.15/4 =2.2875;N=2*4 =8
E FV= $1,198.34
Calculator TIPFirst Pres@nd ; Presg-V, this will clear the previous TVM calculation
For PVPress 1000; Praes| - (placed right of decimal); Press PV => PXLGOO0
For PMTPress O; Press PMB PMT =0
For I/Y Press 2.2875 ; Press I/A> I/Y = 2.2875
For N:Press 8; Press £ N =8
Now to find out FV; Press CPT (top left corner); Press FV => You will get FV =1198.3412

Concept Buildeg Finding Present Value when compounding period is more than annual

4. How much money should you deposit now in your investment account to get $if@(B years.
Assuming that the investment account offers a return of 10%, compoundedasemally?

Answer

As we have seen in the above example, its easier to use the TVM function of the calculator to sol

these kind of problems, we will use the TVM &éy solve it.

First we need to identify the values associated with the TVM Keys.
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Here, FV =1000; PV =?:N=2*3 =6; I/Y = 10PMB=0

So we need to input these values in the calculator to find out the answer

The answer would be&746.21, the rgative sign implies that an amount of 746 goes out from you
(outflow) in the investment account.

Calculator TIPFirst Pres&nd ; Presd-\, this will clear the previous TVM calculation

For i/:Press 1000; Press FV => FV = 1000

For PMTPress 0; Press PMB PMT =0

For I/Y Press 10; Press =+ ; Press 2; Press =; Press I/Y ; Press I/Y =>1/Y =5

For N:Press 8; Press N=> N = 8

Now to find out PV; Press CPT (top left corner); Press PV => You will get7/@g.21

LOS 5.ecalculate and interpret théuture value (FV) and present value (PV) of a single sum of money,
an ordinary annuity, an annuity due, a perpetuity (PV only), and a series of unequal cash flows;

Future valueis the money to be received at a later date. We have the following formula for the Future
Value for a single cash investment. We assume that the interest generated is also invested at the given
rate.

FV =PV +1/Y)N

Concept Buildeg Future Value of Single Sum

5. How much would mgerm depositof $1000 will become in 7 years, if the bank is offering me 10
interest rate compounded annually?

Answer

This is similar question like Concept Builder # 3; only thing here is that the compounding period is

annud.

We can solve this using the calculator as shown in the #3. But whenever you see a single cash fl

much simpler to use the formula directly than using calculator.

FV =PV (1 + I/Y¥>FV = 1000 * (1.13 $1948.7171

So, if you invest $1000 nowou will get $1948.71 after 7 years.

Present Valuas the money that you can assume to be equivalent of the future cash flows. The present
value of the expected single future cash flows is given by
PV =FV/(1+1/Y)VN
C+ I FdzidzaNB GFtdzS G GAYS y
t present value
Lk, ' AyiSNBad NIXaGS LISNI LISNR 2R
b ' ydzYoSNJ 2F LISNRA2Ra

e ecgceg

Concept Builder; Present Value of a Single Sum

6. How much woulde the present value of an investment which promises to ret&tf00 in 7 years,
the required rate of return i40%?

Answer

This is similar question like Concept Builder # 4; only thing here is that the compounding period is

annual.

We can solve this using the calculator as shown in concept builder #4. But whenever you see a s

cash flow, its much simpler to use tfemula directly than using calculator.

PV =FV/ (1 + I/I¥)=> PV = 1000 / (1.13513.158

Calculator TIP:

First Find 1.4=>Press 1.1Press ¥ Press 7; => you will get 1;iwhich is 1.948717

Now, Presd /X button (above ¥) => you will get 0.513158

Now, press X; press 1000; press =; You will get $513.158 (which is the present value)
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Perpetuityis a concept in which same cash flow is received for an indefinite (infinite) number of periods
in the future Present valueof perpetuity is what thenfinite cash flow should be worth now.
PV of Perpetuity = Cash flow / Required rate of return
OrPV(Perpetuity) = PMT/(1/Y)
PV of perpetuity is used in the valuation of preferred stock.
Preferred stock is a financial product which givesm@stant dividend till perpetuity. Value of preferred
stock is given by
Dividend D
Required Rate of Return r

Value of Preferred stock =

Concept Builder; PresentValueof a Perpetuity
7. Tata motor has issued a preferred stock, which pays an annual dividend of $18.yf &hS & G 2
required rate of return is 10%, how much the preferred stock would be valued by that investor
Answer
Price of preferred stock would be the same as the presaite of the dividends that it is paying.
Since, preferred stodlks aperpetuity, we will be calculating the present value from its formula.
PV =DIr
E PV =$10/0.1 =$100
So, the price at which the preferred stock should sell will be equal to $100.

Concept Buildeg; Required rate of return of a perpetuity when PV is given

8. A preferred stock is trading at a price of $120 per share. The preferred stock pays annual divi
of $8. What is the required rate of return for the preferred stock?

Answer

Inthis problem, we know the price and the dividend that it is paying, the required rate of return ca

calculated using the formula of PV of preferred stock.

PV = D/r =>r = D/PV => required rate = $8/$120 = 6.67%

Annuities¢ Sometimes we do not investé money in lumgum only. We invest regularly, so this is the

concept of annuity. The regular period can be annually, quarterly, monthly or daily.

e Present Value of Annuitys the sum that you can receive now in lieu of the future cash flows.
e Future Valueof Annuity is the sum that you will receive in the future for the investments that
you are doing periodically.

You need not remember the formula of the perpetuity, we should use financial calculator to solve

perpetuity problems. You will be explained retclass and the video as to how to apply the concept.

There are2 typesof annuities

e Ordinary Annuityq In ordinary annuity the investment is done at taed of the period. So if you
are buying a product on”Uanuary 2010 and the product is annual pay then first payment will be
done on 31 December 2010. If the product matures in 5 years then you will make the last payment
on 37" December 2014 and also receive the maturity value ghi3dcember 2014.

e Annuity due¢ In annuity due the investment is done at theginningof the period. So if you are
buying a product on®1January 2010 and the product is annual pay then first payment will be done
on T January 2010. If the product matures in 5 years then yilunnake the last payment orf'l
January 2014 and receive the maturity value ofi Bécember 2014.

So, in both the case we are receiving maturity value chiBicember 2014, but in ordinary annuity
the last payment is not earning any interest, hence Future Value will be lesser than that of the
annuity due.
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Concept Builderi Present Value andruture Value of Ordinary Annulity

9. | have invested ian ordinaryannuity product the annual payment i$1000for a total of10
payments. First installmentill startafter 1 year fromoday, how much is the PV of this? How
much it will become at the end of 10 years? Interest rate on this product is 8%.

Answer

We would be solving all the problems in which there are intermediate cash flows using the financ

calcdator. You should be able to identify the value of any 4 of the 5 functions of TVM. One unkno

value can be easily found out from calculator.

NOTEfor theOrdinary Annuity we use theEND Modén the calculator.

For Computing F ¢ PV is unknown

Here,PMT =$1000;N = 10; I/Y = 8; FVGPV=?

Why is FV zero here@Please note that when you are calculating PV, assume that FV is zero and

versa. The PMT and N is taking care of the amount of cash that is being deposited.

Please sedie timeline forthis below

PMT=-51000 -$1000 -$1000
| I O N |
PV=? | I T-10
T=0 T=1 T=2 . .. .. FVv=0

So, using financial calculator, we will input the values for the various parameters and then compu
CPT> PV will give the present valueV = $6,710.08

For Computing?V ¢ FV is unknown

PMT = -$1000 -$1000 -$1000
| I R |
PV=0 | | | | | T=10
T=0 T=1 T=2 . .. . .. . Fv=?

Here,PMT =$1000; N = 10; IlY = 8V =0V =2
CPT> FWvill give the future valuefFV =$14,486.56

Concept Builderi Using Annuity Concept to Value a Bond

10. A bond having face value of $100 is paying annual coupon, the coupon rate is 10%. The bon
years to maturity. If the current markétterest rate (required rate) is 6%, then at what price the
bond should sell in the market?

Answer

Facevalue of a bond is the amount that we receive at the maturity of the bond. So face value equ

future value that is received from an investmentiond.

The coupon payment is calculated on the face value. So a bond having coupon rate of 10% will g

coupon equal to 10% * Face value = 10% * $100 = $10, coupon can be regarded as the PMT.

The bond pays the first coupon at the end of the period, soradlvaluation can be thought of as

Ordinary Annuity.

For an annual pay bond, the years to maturity will be the number of payment made. For bonds w

semtiannual coupon, the number of period will be twice the number of years to maturity and coup

would behalf of the annual coupon.

The market interest rate can be thought of as required rate or I/Y.

So, for this bond valuation, we have the following parameters

N=5;1/Y=6;PV=2; PMT =$10; FV = $100
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Please note that as an investor, we will received¢bapon and also the face value, and hence as pel
our sign convention, both of these should be Positive.

CPT> PV =$116.849

The negative sign means, that you will have to pay $116.849 to buy the bond.

This is how the bonds are valued and this would $&eduin Financial Reporting and Fixed Income
Valuation.

Concept Builderi Present Value of Ordinary Annuity, when the first payment is at a later date
11. My grandfather will give me $1000 for 6 years when | become 18 yearshaldejust completed
15 yearsMyrequired rate of returnis /8’2 LIPF & | 2 YdzOK A& GKS |
gift?
Answer
Please see the timeline below, | will receive the first payment of $1000, when | will become 18 ye|
Since there are total of 6 payments, | will get the paynigindge of 23 (and not 24)
For ordinary annuity or In END Modehe following point need to be imprint in your mind
1. The PV is one period before the first payment day
2. The FVis on the last paymeday

$1000 $1000 $1000 $1000 $1000 $1000

A N N (N A (N A B

PV=7 | T b

| FVv=0
T=15 T=16 T=17 T=18 T=19 T=20 T=21 T=22 T=23

If we calculate the present value from the calculator, it will give us the present value at T = 17 anc
at T = 15, which is our requirement.
So, this problem involves 2 steps. First find out the present value using thaatat, it would comeat
T =17 and then discount this for 2 more periods to arrive at the present value at T=15.
1st Step:N = 6; I/'Y =10; PV =?; PMT =1000; FV =0
CPT> PV =%4,355.26 ; Please note that thisis PV at T =17
2nd Step:PV (at T = 15) = PV (at T =17) / @1+r)
E PVs= P\A/(1+r)* => 4355/1.£=> $3,599.38
So, the present value of the payment3,599.38

Concept Builderi Presentand Future Value of Annuity due

12. | have invested in annuity due product of installment $1000 per year for 10 payments. First
installment started today, how much is the PV of this? How much it will become at the end of
years? Interest rate on this product is 8%.

Answer

COMPUTATION Ofesent Value.

See the timeline of this problem below, pay attention here, the first paynseheing done at T=0 and

there is no payment done at T=10, the last payment was done at T= 9.

PMT=-51000 -$1000 -51000 -$1000

S Y N B |

wer [ ] Ao

T=0 T=1 T=2 o : : c : c T=9 T=10

There are 2 approach to solve such type of problems
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A. Using our financial calculator in Begin Mode
B. Using our financial calculator in End Mode (Ordinary annuity m&degn making adjustment
First using the Begin Mode.
Please change the mode in your calculator by performing the following functions
Press 2nd; Press PMT; Press 2nd ; Press ENYB&Rwill begin seeinBGNin your calcutor, it shows
that your calculator is now in begin mode.
In BEGIN Mode hie following point need to be imprint in your mind
1. The PV is on the first payment day
Now, with begin mode set, it is a simple probleviou jst need to enter the parameters like the way
you had entered in concept builder #9
Here,PMT =$1000; N = 10; I/'Y =8; FV = 0; PV =?
CPT> PV =PV =$7246.88
So, the present value of the investment is $7246.88

Using the other approach The problem can be solved using the end mode also. Since your calcul
in Begin Mode you need to change it tND Mode The steps to do this is same as the way we
changed to begin mode

Press 2nd; Press PMT; Press 2nd ; Press ENYBRwill begin seeingNDin your calcutor, it shows
that your calculator is now iENDmode.

When the calculator is in END mode, we had observed thapthsent valueis 1 period beforethe

first payment.
So here the PV will come at IL=See the theline below.

PMT=-$1000 -$1000 -$1000 -$1000
I I O R ]
T=1 , PV=?) | | | | | | =0
PVwillcome ' 0 =L T2 . T=9 T=10
herein End \ya \want PV
mode here

But we need to find out the value at T =0 and not at-T,so what we need to do is to find out the P\
at T =0 from the value we obtained at Fl=

PV (At T =0) = PV (At TL¥* (1+r)

Or, we can say thd@&V(Annuity Due) = PV(OrdinarynAuity) * (1 +r)
Here,PMT =$1000; N =10; I/'Y =8; FV = 0; PV =?

CPT> PV =PV = $710.08

This PV is at TE

=> PY= P\, * (1+r) => PYy=6710.08 * 1.08 $7246.88

So, the value of PV is same in both the case.

COMPUTATION (Huture Value.
Herealso, we have the same 2 approach to solve the problem.
First we will solve using the BEGIN Mode.
In BEGIN Mode he following point need to be imprint in your mind
1. The FV igne period afterthe |last paymentday
We will change the mode from END To BEGshg the steps highlighted earlier
Please change the mode in your calculator by performing the following functions
Press 2nd; Press PMT; Press 2nd ; Press ENYBRwill begin seeinBGNin your calcudtor, it shows
that your calculator is now in begin mode.
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In the Begin mode, the timeline looks like below.

PMT=-51000 -$1000 -51000 -51000

S (N I |

o | ||| LS

T=0 T=1 T=2 o c : c : c c T=9 T=10

So, we will enter the value and find out the future value.
Here,PMT =$1000; N = 10; I/Y = 8; F\?»=PV=0
CPP I/ =>FV = 45,645.48

Secondly, we vl solve the problem using the END Mode
Since your calculator is Begin Mode you need to change it tND Mode The steps to do this is sam
as the way we changed to begin mode

Press 2nd; Press PMT; Press 2nd ; Press ENYBRwill begin seeingNDin your calcutor, it shows
that your calculator is now iENDmode.

When the calculator is in END mode, we had observed thaktiere valueison the last payment
So here the FV will come at T =9. See the timeline below.

PMT=-$1000 -$1000 -$1000 -$1000
| I I ||
PV=0 | T o e
T=0 T=1 T=2 .. . . . . . T=9 T=10\
FV will come herein We want FV here
End mode

But, we want the FV at T8

So, we can arrive at the FV at 10, by compounding the FV at 9
FMo=F\* (1+1)

So, we have a new rule =¥FAnnuity Due) #V(Ordinary Annuity) * (1 +r1)

So, we will enter the value and find out the future value.

Here,PMT =$1000; N = 10; I/Y = 8; F\?=PV=0

CPP® FV =R/, = $4,486.56

We know,FVjp = F\{* (1+r) =>FV};=$14,486.56 * 1.08 $15,645.48
So, the answer is the same as it was obtained from the Begin Mode.

IMPORTANT
So, whenever we are asked to calculdte PV or FV of annuity due, we can solve using the default
Mode. We advise you to follow this approach, because in exam, if you forget to change the mode
it would be problematic for you, since most of the questions would be end mode questions.
Things to Learn
In END Mode

1. ThePVisone period beforethe first payment day

2. TheERVis on thelast payment day
In BEGIN Mode

1. ThePVis on thefirst payment day

2. TheRVisone period afterthe last paymentday
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Concept Builderi Future Value at a later date of Annuity due

13. I am making an investment of $100 every year, starting from now for a total 3 payments. How
money | will receive at the end of 6 years? The interest rate of the investment is 10%.

Answer

First you need to ke timeline for this particular problem, which is given below

PMT=-$100 -$100 -5100

N N N (N A N

U IR N N I B B 0

T=0 T=1 T=2 T=3 T=4 T=5 T=6

We would be using our calculatoriND MODE

In the END Mode, if we are computing the FV, it would come at T=2

Now, we should compound the value received at T=2 to get the FV at T=6th8nmecare 4 periods in
between, we can write

F\6 = FY* (1+1)'

Plugging in the values in the financial calculator

Here,PMT =$100; N =3; I/Y =10; PV=0; FV =?

CPTFV =FV,= 831

F\ =$331 * (1.1} = $484.617

So, | will receiv8484.6at the end of 6 years.

Concept Builden Present and Future value of cash flows when the cash flow is not same
14. Find the present valuand the future valudor the following cash flowsRequired rate of return is
10%

-$1000 -52000 -53000 -52000

| | | I
v | | O IN

T=0 T=1 T=2 T=3 FV

Answer

Since, the TVM functiots & 4 dzy S G KIF i GKS ta¢ NBYFAya GKS
use the Cash Flow function here.

You will find, a button name@Hn the 2nd row, 2nd Column.

Whenever we are calculating using CF, we should first clear the memory.

To Clear Memory, Press CF; Press 2nd; Press CE|C

You will observe CFO on the screen, it is asking for the Cash flow at T=0

For CFO: Press 1000; Press®| t NB&aa 9b¢owT t NBaa @

You See CF1: Press 2000; Pres§+| t NFaa 9b¢owT tNBaa @

You see FO£>BYy default its valués 1 in the calculatoiThis is the concept dfeguency; it is asking yol
how many times-2000is comingconsecutivelyin the problem. Since2000 iscomingconsecutively
only once we willleave FO1 at 1 onlgndpress the down arrow@ to move to C02

You see COPress 3000; Press+] t NB&aa 9 b ¢ BewZtimesNsB thaifreqaeacy-8000 is
also )

You see CB Press 2000; Press+4T t NSada 9b¢9owT t NBaa @

Now, the data is entered, we will calculate the PV.

Note that, for CF function, there &sbutton to calculate NPV.

NPV is Net Present Value and is equal to PV of Inff@gflows , but for this NPV will be same as th
PV.
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Press NPVWou will see I inthe screen, NSaa wmnT t NB &auwd be¢ 9PV Bn the NdBed
Press CPT

NPV =-6800.15

For finding out the future value, you can assume that you are investing 6,800 for a period of 4 yes
FV = 6800 * 11=> FV = $9,956.1

LOS 5.f Draw a time line and solve time value of money applications (for exampldgages and
savings for college tuition or retirement).

As mentioned, we can solve various type of problems by employing time value of money calculation and
it is better to draw a timeline before solving the problem. This LOS covers the application of TVM
concepts irreal life.

We will cover this LOS through examples and understand the various applications.

Concept Builder Calculation of I/Y

15. You have deposited $100 in the account today, after 7 years, the amount would become $20(
is the stated annual rate ithe compounding is annual?

Answer

Here we need to calculate the rate or I/Y

The parameters of TVM are :

FV =$200; PV-8100; N=7; PMT =0; I/Y =7

CPT> /Y =3/Y = 10.4%

Concept Builden Calculation of PMT

16. You are required to deposit a fixed amount every year in your investment account starting fro
end of this year. If the stated rate is 10% p.a. and you are depositing for a total of 10 years, y
receive an amount of $100,000. How muhount youshould deposit every year?

Answer

Here we need to calculate the amount deposited every yedtNi

Note that there is no money in the account today, it is a case of ordinary annuity since the money

deposited at the end of the period.

The parameters of TVM are :

FV = $100,000; PV =$0; N = 10; I/'Y =10; PMT =7

CPT> PMT =PMT=-$6,274.5

So, you need to deposit 6,274.5 every year to get $100,000 at the end of 10 years.

Concept Builderi Calculation of Number of Periods

17. Youare shavn an investmenplan thatwill requiredepasiting every year $10,000 starting from th
end of thisyear;it is promised that at the end you will get a sum of $115,000. If the interest ratg
offered by the investment plan is 10.15%, then find out for howyngears you will have to depos
the money in the plan?

Answer

Here we need to calculatd

The parameters of TVM are :

FV = $115,000; PV = $0; PM%$10,000; I/Y =10; N=?

CPT> N =>N=8.03
E So, you need to deposit the amount for 8 years.
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Concept Builderin Compounded Annual Growth Rate
18.¢ I G EPB®&H3I@2002, In year 2088EPSvas $14. Find the compounded annual grow
rate (CAGR) of the EPS.

Answer
CAGR is the rate at which the EPS has grown.

Please see the timeline below

N N N N BN B

S I R A A R P

2002 2003 2004 2005 2006 2007 2008

Easily we can solve this with the financial calculator

So, the number of periods from 2002 to 2008 is equal to 6, therefore N = 6
The parameters of TVM are :

FV =$14; PV = $5; PMT = 0; N=6; I/Y =?

CPT> I/Y =3/Y =18.72%

So, the EPS has grown at anerage rate of 18.72% for the 6 years.

Concept Builderi Loan Calculation
19. | took a housing d200,000for 15 years; the ratef the loan is 10%. Calculate
A. How much monthly payment | am doing.
B. How much is the principal payment done in 1st month?
C. Howmuch is the principal remaining after 60 installments.
Answer
This is another set of problem, where you will find financial calculator handy.
Please note that housing loan is an amortizing loan, where both principal and interest is paid in th
monthly payment that is being done. At the end of the loan term, there is no money that is require
be paid to the bank, so the future value is 0.
For Part Ac It is just asking for the EMI that | am paying and hence we need to find the PMT
The parameters of TW are :
FV =0; PV = $200,000; I/Y =10/12 = 0.833; N=15 *12 = 180; PMT =?
CPT>PMT => PMT2,149.21
So, every month, you should pay $2,149.2 towards your housing loan
For Part B:So, for the I month, we can calculate the interest that is accruedb@00,000 for 1 month
using the simple interest formula
E Interest for the 2 month = PRT/100 => ($200,000 * 10 * 1 )/(12 *108).:666.67
E Out of the EMI of $2,149.21 ; $1667.67 is towards the interest charge
E The principal payment = $2,149.2$1667.67 = 882.54
For Part @ This is a difficult question if you think conventionally, here you need to think Out Of B
answer it in a simple manner. Think, if everything was as planned, you were paying the EMI and
months are left. Can | say, that ifyapproach the bank after 60 months for a loan, they should give
you an amount which will be paid off by the end of 120 months, So we can say that whatever the
principal is remaining, should be equal to the loan amount that you would be given after 6@snont
To solve, this now your N =120
FV =0; Il'Y =10/12 = 0.833; N=120; PMT149.21 ; PV = ?
CPP PV =>PV = $162,633.24

Since you have financial, these things are much easier to solve. Your calculator has AMORT Fun
which can be accessed by pregs2nd and thenPressingPV.
Once you ddhat, you will find P1 on the screen.
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P1 is the pointfrom which we want to calculate the principal payment/interest payment etc.

If youLINEB & you va@llTind P2.

P2 is the pointill which we want to calculate the principal payment/interest payment etc.

For PartB ¢ we can solve using P1 -atd P2 = 1, since we are interest for the principal payment fo
the 1st month only.

Calculator TIPPress 2nd; Press PYpu willsee P1; Ress 1; Press ENTER; Pi@skrou willsee P2;
Press 1; Press ENTER;

Presd@ TYou will Se@8AL =3his is thePrincipal Remaining after P2

Press@ TYou will Se®RN =zhis is thePrincipal paid between P1 and P2 => $482.54

Presd@ TYou will SeéNT =3this is thelnterest paid between P1 and P2

For PART €Using the financial calculator
E P1=1;P2=60 (as we are interested in finding the principal remaining after 60 months)
Calculator TIPPress 2nd; Press PYpu willsee P1; Press 1; Press ENTERsdrdYou willsee P2;
Press 60; Press ENTER;
Press@ TYou will SeBAL =his is thePrincipal Remaining after P2 = $162,633
Presd@ TYou will Se®RN =*his is thePrincipal paid between P1 and P2 => $37,366.76
Press@ TYou will SeéNT =>this is thelnterest paid between P1 and P2 => $91,585.85
So, in first 60 months, | have p&€1,585.85s theinterest and$37,366.76s theprincipal.

Concept Builderi Retirement Calculation

20. An investor plan to retire at the age of 60. He expects to live till the age oH@ls currently aged
25. He invests the first payment in the account today and infees?5 yearqthat is total of 35
investment done) The retirement account earns 12% per annussuine that he would like to
withdraw $30,000 per year starting frothe point when he turns 6@br 30 years, find out the
amount he should deposit in his retirement account every yé#efe assume, that the investor
R2SayQi tSI@S Fye Y2ySe F2NJ KAa KSANRO

Answer

Thisis a complexprébSY Ay @2t GAy3 H &aSNARSa 2F OF akK Ff 2

problem

PMT=-X -X $30000 $30000
N N O T A |
=2 | [ | / \\
FV=0
25 26 . . . . . 59 60 89 90
Last Payment Investor expect

Last Payment  Retirement
done here

received here to live till here

In these type of problems, we need to come up with a common point.

If we take the middle point as common point, that will be the best.

So, we can find out the PV of the cash inflows at T = 59; Using that, we can find out the PV at T=
then we can compute the PMT for the series of cash outflows.

Lets do step by step calculation

Step 1:Find out the PV at T =59

Keep the calculator ithe END mode, the"2series of cash flows from T=60 to T=89 looks like ordini
annuity and the PV will come one period before the first cash flow.
FV = 0; Il'Y =12; N=30; PMT =$30,000; PV = ?

CPT PV => PV =$241,655.19

Step 2: Find out the PMT. Herewbave to note that the FV of the investment would be equal to the
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present value that we have found out.

FV = PV59 = $241,655.19; PV = $0; N = 35; I/Y =12; PMT = ?

CPT> PMT =PMT =$559.82

So, the investor need to deposit $559.82 every year for 3bsy@aorder to get $30,000 every year
when he retires.

Experience, the power of Compounding, the investor is depositing only $560 and is able to withdr
$30,000 per year.
If the investor, delays his investment by 5 years, that is the first paymendoédwat the age of 30, the
he would be required to deposit $1,000 to experience the same inflow during retirement.
{22 A0Qa Ffglrea FROAaAlLIOES G2 adl NI (GKS Ay@Ss
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Concept Notes FdReadingb - Discounted Cash Flow Applications

ReadingSummary

This topic is anothesne which is relevant across the CFA Curriculum. In recent times, CFA Institute has
started asking questions on the concepts in this chapter and it might happen that you may be getting
guestions on some of thedepics.The calculatin of cash flow using financial calculator will be covered
in this topic, however the same would be used in Corporate Finance and Equity Valuation. You should
be thorough with the Cash Flow function of your calculator. The return concepts of Time Weaghted
Money Weighted Returns may be intimidating for some to start with, but these are essential concepts
for any person in the investment industry. Lastly you are expected to understand some other return
measures which are kind of industry convention anel popular because of their simplicity. You should
solve all the questions that are given in this book as well as the problems that are there in the institute
book then only a cleacut understanding of this chapter will emerge.

LOS @. Calculate and iterpret the net present value (NPV) and the internal rateattirn (RR) of an
investment

Companies take up projects as part of their business activity, typically a project requires upfront
investment (a cash outflow) and then subsequently companies lideénghe form of cash inflow. For a
company to undertake a project, not only the amount of return it is getting should be more than the
investment being done but also the company should be able to earn a decent rate of return on the
investment. To make restment decisions companies evaluate projects on the basis of NPV and IRR.

NPV or Net Present Valugf an investment iets present value of the expected cash inflows minus the
present value oits expected cash outflows.

IRR or Internal Rate of Retuiisthe discount rate which would make the NPV of a project equal to
Zero.

NPV Calculation ProcegdNPV of any project involves the following steps

1. Identify all the cash inflows and outflows

2. Determine the discount rate that should be used to discount thezssh flows In this section we
need not calculate the discount rate ourselves, when we cover the corporate finance section,
we will understand how to compute the rate.

3. Using the discount rate computed in step 2, find out the present value of cash outiuivs
cash inflows. We as per our convention treat outflows as negative (hence they decrease NPV)
and treat inflow as positive (hence they increase NPV)

4. NPV is the summation of all the present value of the cash flows computed above. Please note
that since weare abiding by the sign convention, hence we need to just do the addition.

N R

t=p A+T)°

CFk: Cash flow in time period t

N : the number of periods for which investment is made
r : the discount rate used for finding out tipeesent value

NPV FormulaVPV = Z
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Concept Buildern NPV and IRR Computation
1. Canpute the NPV of a project which requires initial investment of $10 million. The cash flows
expected to be $6 million in year 1, $5 million in year 2, $4 million in year 3 and $3 milliom éh y
The discount rate for the investment is 15%.
Answer
NPVThe NPV of the project can be calculated by discounting the cash flows.
$6 $5 $4 $3
VNPV = —$10+ 95+ (1.15)2 T (1.15)2 | (1.15)"
E NPV=-$10 + $.217 +$3.780 +$2.630 +$1.715
E NPV =$3.343 million
It isbetter to compute the NPV using financial calculatbe usage of TI BA Il Plus will be discussed
the classroom and also in the Rekass content.
IRR:Computation of IRR is difficult manually and should be done using financial calculatarhmnky s
IRR function in the calculator which will be able to derive the IRR, please note that when discoun
the IRR rate, the NPV will be equal to Zero.
The value of IRR =32.9783%

LOS 6.bContrast the NPV rule to the IRR rule, and identify problemsaatenl with thelRR Rule
In any investment the idea is to generate more wealth than what you have invested or produce a return
which is more than the cost of capital or required rate of return.
Typically the projects can be classified under the following
1. Independent Projects; When acceptance or rejection of a project does not affect the acceptance
or rejection of other projects then the projects are considered as independent projects. As an
example suppose a firm is considering investment in a new pramtd investment in a vehicle,
these can be considered as two independent projects if the company has fund to buy both and the
company is evaluating these two investments as per their cash flow.
2. Mutually Exclusive Projects Typically companies do not hahigh amount of capital and most of
the times it becomes necessary to take up only one project out of two, due to capital constraints. In
such case we say that the projects are mutually exclusive. For example if the firm has money either
to install printer or to buy the vehicle but not for both then it becomes important for the firm to
identify the project which will be more beneficial.
To evaluate any investment decision we have the following two rules
1. NPV Decision Ruldf a project is yielding positiwalue to the firm then the project is a good
project and it should be accepted. We caummarizethis decision rule
a. Accept projects which have positive N&/these projects are adding to the shareholder
wealth
b. Reject project having negative NBYtheseprojects are destroying the shareholder wealth
c. In case of mutually exclusive projects, select the one which has higheMNRYAlly
exclusive projects are those projects in which only one can be selected, naturally the higher
NPV project is increasingdfshareholder wealth more and hence we should accept that
project

2. IRRDecision RuleThe decision rule based on IRR helps in evaluation of how much return is being
generated.
a. Accept projects whose IRR is more than the required rate of return
b. Reject thosewhose IRR is less than the required rate
c. ! YtA1S GKS bt+ RSOA&AAZ2Y NHA S KSNB S Ol yQ
project we should accept project having higher IRR. This is because of certain problems with
the IRR method
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ProblemsAssodated with the IRRRule

Before we take up the problems with the IRR rule, first we need to understand that NPV and IRR would

give thesame result for the independent projects. This is because
e [f NPV >0 then IRR should be more than the required rate wfiret
e |f NPV <0 then IRR should be less than the required rate of return

| 26 SOSNI F2NJ Ydziidzt t t &8 SEOf dzaABS LINR2SOGa of SiiQa

the NPV rule may result in selection of project A whereas IRR may reselieation of project B.

This conflict happens becausgthe following problems

1. ReinvestmentThe calculation of IRR assumes that all the cash flows are reinvested at the IRR rate.
For example if a project has IRR of 20%, then it is assumed that thenftasls which are expected
would be reinvested at 20% rate. Now many times it might happen that the firm is not able to find
lucrativeinvestmentsand hence it might not be able to4avest those cash flows at IRR r&teS (i Q a
say that the firm is reinvestg those cash flows at a rate of 15% then the actual return from the
investment would be lower than the 20% which was estimated earlier. We will be covering this
concept in the Fixed Income in detail.

2. Timing¢ Another reason for conflict is the timing thfe cash flows, one project may produce higher
cash flows during the early periods and another project may have higher cash flows in the later part
of the project.

3. Initial InvestmentcCorflicting results can be observed in cases where one project regsiinadler
investment and produce smaller amount of cash flows compared to another project which require
more investment and produces higher cash flows.

You can remember these through the acroni@Tl (Right to Information)

Concept Builderi NPV and IRRRule Conflict

2.There are twanutually exclusivg@rojects which have the following cash flows
Project A: C/=-$10,000; C= $2Q000

Project B: CGF=-$40,000; CFF= $6Q000

The required rate of return is 10%. Which project should be selected and why?
Answer

Compute the NPV and the IRR of each of the prajsittg the financial calculator

Project NPV IRR
A $8,181 100%
B $14,545 50%

If these were independent projects then both the project should have been selected because the
greater than O or IRR more than the required rate of return.

However since the projects are mutually exclusive, we should select one of these projects. In cas
mutually exclusive projects we should compare the NPV and the project having higher NPV shou
selected, hene project B should be selected.

LOS 6.dDefine, calculate, and interpret a hotdj period return (total return)

Holding Period Return (HPR) is the return that is generated over the holding period. The holding period
can be any period; it can bemginute, several hours, many daysya&ars, please do not confuse holding
period as yearly perioddere we are interested in determining the total return which means that t

return does not only include the change in the investment value but also includeash flow that is
generated by the investmentithin the holding periodThese cash flows which are generated are

called as intermediate cash flowStock investment has intermediate cash flow in the form of dividend
and bond investment results in coupgayment.
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Ending Value — Begining Value + Intermediate cash flows P —PFP+D
HPR = — orHPR = ————
Begining Value P,

Where for an equity investment

P, is the price at the end of the period
P is the priceat the end of the period
D is the dividend received

Concept Builderi Holding Period Return
3. An investor purchased a share for $20 and sold it at $22 after 6 months, also he received a div
of $0.5 just before he sold the shafind his holding pesd return?
Answer
Ending Value of investment = $22
Beginning Value of investment = $20
Dividend received = $0.5
E HPR = (220 +0.5)/20 =2.5/20

E HPR=12.5%

Concept Builden Holding Period Return
4. A t bill priced at $98 with face value of $100 and 180 days until mat#iitgthe holding period
return for the T bilP
Answer
Ending Value of investment = $100
Beginningvalue of investment = $98
E HPR =100-98) / 98 = 2/98
E HPR = 2408%

LOS 6.dCalculate, interpret, and distinguish between the monsgighted and timeweighted rates of
return of a portfolio, and appraise the performance of portfolios based on these measures
Money Weighted Return(MWR)¢ It is actually theinternal rate of returnfor an investmentAll the
deposisin theinvestmentaccount are treated as cash inflow and all the withdrawalstiseged as
cash outflow. After determining the inflow and outflow, IRR is calculdtkis. calculation is similar to
the calculation thatve had done in Example 1.

TimeWeighted Return(TWRY;, It is actually the Geometric mean return of an investméiar
calculation of TWR we need to divide the investment horizon into several pefibdgeriod for the
return calculation is computed whenewthere is a major inflow or outflow from the portfolio. The
geometric mean of all the periodic returns is then calculated to find the time weighted return.
If there are N holding periods, the TWR can be calculated as follows

(1 +TWR)= (1+ HPR*(1+ FPR)*(1+ HPRO F XX d®) oMb |t w
Where HPRs the Holding Period Return in the ith period

Concept Builder Money Weighted Return and Time Weighted Return

5. An investor purchased one share of Goldman Sachs (GS) at $100 at T = 0, he again purchase
more share of GS at $120 at T =1. He received total dividend of $2 at T= 1 and a dividend of $3
at T =2, the investor sold the shares at T=2 for a total consideration of $260. Find money weighte
time weighted return?

Answer

Important assumption: We assume that the dividend is paid just before the period ends.

Money Weighted Return Calculation:

Step 1 : We should identify the cash flows that are happening at the various intervals. As per our
convention, money going out from investor shoblel treated as negative and money coming to an
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investor should be treated as positive.
At T =0 : Purchase of $hare was done => Cash outflow of $100 => G$009
At T =1 : Purchase of%hare was done => Cash outflow of $120

Dividerd is received => Cash Inflow of $2

Sum of these two results in cash outflow of $118 => CK118
At T =2 : 2 shares are sold => Cash inflow of $260

Dividend is received => Cash Inflow of $3 * 2 = $6

Sum of these two results in cash inflow of $266 => CF1 = $266
Step 2: Plug the cash flow values in the financial calculator to compute the IRR (because MWR is
but IRR)
IRR = 14.438%r Money Weighted Return i44.438%
Time Weightedreturn Calculation:
Sep 1: We should first find out the number of periods, here significant cadloinis happening at T=1
andcash outflow is happening at=2. So we have one period from T=0 to T=1aawdher period from
T=1to T=2

Step 2:Compute tle portfolio value just before theignificant cash inflow or outflow.

For Period 1Beginning Value = $100; Ending Value = $120; Dividend Received = $2

For Period 2Beginning Value = $120 (for th& share) + $120 (amount that is invested) = $240

Ending Value = $260; Dividend Received = $6 (for 2 shares)

Note: Many candidates have confusion regarding why the beginning value of the portfolio should
$240, why not it should be $220, the point here is that at the beginning of ¢p&ithe first share coulc
be sold for $120 and there is an investment of $120 more, hence the portfolio value is $240. Also
should consider the dividend in this period for both the shares.

Step 3:Find out the holding period return of theeriods
ForPeriod 1:HPR = (126100 + 2)/100 = 22%
For Period 2HPR = @0 ¢ 240 +6)/240 =10.83%

Step4: Find out the geometric mean return or TWR from the holding period returns
(1 + TWR)= (1+ HPR*(1+ HPR)
=>(1 + TWRE (1.22) * (1.1083) = 1.3522
=>(1 +TWR) 1.1628 => TWR = 0.1628
Or Time Weighted return is 16.28%
Is it always the cash that Time Weighted return is less than money weigtttat?
Please notehat this is not the case and we got into this situation for this problem only. The next
example will clear this concept.

Concept Buildefi Money Weighted Return and Time Weighted Return
6. An investor purchased one share of Goldman Sachs (GS) at $100 at T = 0, he again purchaseg
more share of GS at $120 at T =1. He received ddtalend of $2 at T= 1 and a dividend of $3 per sh
at T =2, the investor sold the shares at T=2 for a total consideration of $360. Find money weighte
time weighted return?
Answer
Money Weighted Return Calculation:
Step 1 : Identify the cash flowisat are happening at the various intervals.
At T =0 : Purchase of $hare was done => Cash outflow of $100 => G$009
At T =1 : Purchase of“hare was done => Cash outflow of $120

Dividend is received => Cash Inflow of $2

Sum of these two results in cash outflow of $118 => CK118
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At T =2 : 2 shares are sold => Cash inflow of $360

Dividend is received => Cash Inflow of $3 * 2 = $6

Sum of these two results in cash inflowd366 => CF1 = $366
Step 2: Plug the cash flow values in the financial calculator to compute the IRR (because MWR is
but IRR)
IRR #1.2%o0r Money Weighted Return i41.2%
Time Weighted return Calculation:
Step 1:Here significant cash-ifow ishappening at T=1 and cash outflow is happening at T=2. So V|
have one period from T=0 to T=1 and another period from T=1 to T=2

Step 2:Compute the portfolio value just before the significant cash inflow or outflow.

For Period 1Beginning Value = $100nding Value = $120; Dividend Received = $2

For Period 2Beginning Value = $120 (for th& dhare) + $120 (amount that is invested) = $240
Ending Value = $360; Dividend Received = $6 (for 2 shares)

Step 3:Find out the holding peod return of the periods
For Period 1HPR = (129100 + 2)/100 = 22%
For Period 2HPR =360 ¢ 240 +6)/240 =52.3%

Step4: Find out the geometric mean return or TWR from the holding period returns

(1 + TWR)= (1+ HPR*(1+ HPR)

=>(1 + TWR) (1.22) (1.525) = 1.8605

=>(1 + TWR¥F 1.3640 => TWR = 0.364

Or Time Weighted return is 36%
So for this example the MWR is more than that of the TWR. So which return is more or less depe
the amount and the timing of the cash flows.

What can weobserve from the above 2 examples, either TWR or MWR can be more or less, it depends
on how the investment is done and the periodic return that is generated.

Practical Understanding of the differences in the two return measures

1. Money Weighted Returgivesweightage to the money that is deposited in the account. If the
portfolio performance is good when more money is in the portfolio then the overall return
increases, where as if the portfolio performance is bad with more money the overall return
decreases.

2. Intime weighted return, the return isot affected by the timing of the cash flowsd the amount
of money invested, it is purely depended on the periodic return generated. For purpose of simplicity
we will assume that the holding period will be the sarirereality, for the calculation of mutual
fund returns, we define the holding period as 1 day, because typically everyday there are cash
inflows and outflows.

You need to remember the following table because many problems will not ask you to calbelate t
Money weighted or Time weighted return but an understanding of the impact on the return measure
when one of these is choses.

Amount of Money compared to Return compared to | Interpretation
previous period previous period
More Money More Return MWR > TWR
More Money Less Return MWR < TWR
Less Money More Return MWR < TWR
Less Money Less Return MWR > TWR
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Important: TWR is the preferred method for return calculation in most of the investménsy in one

case we prefer the MWR over the time weighted return and that is when the portfolio manager has the
complete control on the cash flow of the portfolio that is the portfolio manager decides on when to
increase or when to decrease the size @ ffortfolio.

LOS 6.eCalculate and interpret the bank discount yield, holding period yield, effective annual yield, and
money market yield for a U.S. Treasury bill

Moneymarket instruments are highly liquid, low risk instruments having maturity ofthess 1 year.

These instruments are of two types

1. Discounted instruments; These instruments do not give any coupon or interest during the holding
period. These are priced at less than the face vdtaee valuas the amountof moneythat the
bondholderwill receive when the bond mature$he difference between the face value and the
sellingpriceis called as theond discount The investor will earn the discount value if he holds the
instrument till maturity. The best example of this type of instrumeraiireasury bill.
For example a T bill havifiace value of $10@t maturing after 90 days will be selling now at a price
which is less than $100. S Q& a | & .(iTKeS $100NMANG:3$99 Biis thwe dligrount

2. Interest Bearing Instruments These instruments will produce intermediate cash flows in the form
of interest. You can think of a money market (or incomejual fundas an example.

Yield Measures of Treasubill

There are various yield measures of Trea®ilig;here we will go though the formula and
understanding of each of the yield measures. You might fear that how you will remember so many
formulas, in reality there are not so mafgrmulas;the idea is to understand the bank discount yield
really well.

1. Bank Discount Yield Here the yield is calculated on tHmsis of thdface value and not on the

actual investment donel he formula for bank discount yield is

D 360
= F

Where; ren: Bank Discount yieldt Discount of the T Bill
F: Face value of the T bhill t: The timeto maturity

Please note thaBank discount yield &sn annualized yield, however itigt a good measure. Think
about Bank discount yield &aD yield the problems with it are:

a. lItis calculated on face value and not the actual price

b. The number of daym one year is treated as 360 days instead of 365 or 366

c. The calculation is based on simple interest concept rather than the compound interest

concept
2. Money market yieldg This is another yield measure, here we are correcting one of the problems of

the bark discountyield, whichis the return is calculated on the actual investment and not on the

face value. The formula for money market yield is given as
360 D 360

F-D t
So money market yield is also not a good measure, but it teftsian bank discount yield. The
problems are:

a. The number of days in one year is treated as 360 days instead of 365 or 366
b. The calculation is based on simple interest concept rather than the compound interest
concept

3. Holding Period YieldWe have coverethis concepin earlierLOShere the yield is calculated on
the actual investment but only for the period the investment is made anchivignnualized

For a T bil, the HPY is giverta = =

Tym = = * —OMyy =
MM p t MM
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4. Effective AnnuaVield:Thisis the best yield measure for thigeasurybill. It corrects the problem of
money market yield by considering
a. Compounding
b. Considering one year as 365 days
The formulais given byfAY = (1+ HPY)3¢5/t -1
EAYis the annualized yield of the holding patiand can be used to otpare across various
investments

Based on the above, we can say that for any period
Effective Annualrield >Money Market Yield > Bank Discount Yield

Concept Builderi Various Yield Measures
6. AThill priced at $98 with face value of $100 and 180 days until maturity.

a. Calculate the bank discount yield
b. Find the Holding period yield

C. Find the effective annual yield

d. Find the money market yield
Answer

First calculate the discount. Discounface value Price => discount = $10$98 = $2
a. Bank Discount Yiel@The BaD Yield) = (D/F) * (360/t) = (2/100) * (360/180%=
b. Holding Period Yield B/P = 2/98 2.0408%
c. Effective Annual Yield &+ HPY$* ¢ 1 => (1.0204085%°-1 => 1.020408%"8-1
=>EAY =4.1817%
d. Money Market Yield D/P) * (360/t) = (2/98) * (360/180) 4.0816%

LOS 6.fConvert among holding period yields, money market yields, effective annual yields, and bond
equivalent yields.

There is relationship among all tyeeld measures, if you have understood the underlying concept of
each of the yield then you need not remember any formula.

1. Conversion from bank discount yield to Money Market yietdThere is a very complex formula for
the conversionwe will not follow the formula, but the logic for this conversion.

During the conversion we will assume that the face value of the T bill is $100. The process is best
described using the below example

Concept Builden Conversion from Bank Discount YielcotMoney Market Yield

7. ATbhill having 120 days to maturity is yielding 3.5% on bank discount basis, how much will be i
money market yield?

Answer

Step 1: Assume the face value to be $100, we would like to find out the discount at which the T b
trading

3.5 % = (D/100) * (360/120) => 3.5% = (D/100) * 3

=>D=3.5%*100/3 =$1.1667

Step 2: Once discount is calculated, Find out the price at which the bond is trading

Price = I D => $100$1.667 = $98.8333

Step 3: Since now we know the discauhie price and the days to maturity, calculate MM yield
Money Market yield = (D/P) * (360/t) => (1.667/98.333) * (360/120)

=>Money Market yield = 3.5413%

2. Conversion fromholding period yieldto Money Market yieldto Effective Annual Yield
Please note that the
e Money market yield is annualized version of HPY based on simple interest and 360 days in a year.
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t
 ——
360
e EAY is annualized version of HPY based on compound interest and 365 days in a year.
EAY = (14 HPY)3%5/t —1 => HPY = (1 + EAY)"/3%5 -1

360

Concept Builderi Conversion from Money Market Yield to HPY and EAY

8. AT bill having 120 days to maturity has money market yield of 3.5413%, calculate the HPY ar
Answer

Holding Period Yield = 3.541320/360 = 1.1804%

EAY = (1.01180%Y**°¢ 1 = 3.6339%

Bond Equivalent YieldBEYY; In US, most of the bonds pay coupon semiually, based on the price
of the bond, the market participants calculate the seannual yield of the bond. THeond equivdent
yield is based on thgimple interest concepbdf the semiannual vield therefore

BEY = 2 * SemiAnnual yield

3. Conversiorfrom HPY to Bond Equivalent YielBorthis convession we first need to find the effective
semtannual yield. Please note that when we are referring to senmual yield; you should convert the
semiannual into 6 months and the holding period should also be in mdét#ase note that here we
need to assura compounding for the 6 months rather than simple interé&&u can take 30 days as one
month period over here. We can see an example of this to understand the concept better.

6
Effective semiannual yield = (1 + HPY )holding period inmonths — ]

Concept Builder Conversion fromHPY to BEY

9. AT bill having 120 days to maturity hRYf 2%, calculatd3EY?

Answer

First Step: Find the Holding period in months by taking 30 days as 1 month
=> holding period = 120/30 = 4 months

Second StefFind theeffective semiannual yield

=>effective semannual yield = (1.02§-1 = 3.01495%

BEY =2 *3.01495% = 6.0299%

4. Conversiorfrom EAY to Bond Equivalent YielHere the idea is to convert the EAY to effective semi
annual yield and then find the BEY.
Semiannual yield = (1 + EAY)Y/?2 -1 => BEY = 2({ + EAY)'/?¢ 1}

Concept Buildefi Conversion from EAY to BEY

10. AT bill having 120 days to maturity asY of % calculate the BE?
Answer

First Step: Find the serannual yield

=> Semannual yield = (1.08§ ¢ 1 = 2.4695%

Second Step: Multiply the serannual yield by 2 to get the BEY
=>BEY =2 * 2.4695% = 4.939%
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Concept Notes FdReading #7StatisticalConcepts and Market Returns

Reading Summary

This topic introduces the concept of descriptive statistics. The focus in this topic is on Measures of
central tendency and dispersion. You need to understand and calculate these measures. From
investment point & view, important measure of central tendency is mean and standard deviation is the
important dispersion measure. Percentiles are definitely a testable topic in the examination. A
candidate should understand the deviation of a data set from what is krasaormal distribution.

{2YS YlI@& FTAYR / KSoeasSgQa AySldatAadge G2 0S F RA
life easier in Readings 10 and 11. Problems related to Skewness and Kurtosis are favorites of the
Institute. Sharpe Ratio is a a@ept which is found in portfolio management also.

LOS 7.differentiate between descriptive statistics and inferential statistics, between a
population and a sample, and among the types of measurement scales;
Statistics can be used to refer to numeridata (as an example the net profit of a firm over the last 10
years). It can also be used to refer to the methods of collecting, classifying, interpreting or analyzing the
data. Statistics are widely used in finance and its applications should be wetktouteby the finance
professionals.
Following are the two categories of statistics:
e Descriptive StatisticgThis is the branch of statistics where we describe the important aspects or
characteristics of the data set that have been collected. ddseription can consists of
0 Measure of Central Tendeneyhere the data is centered, like mean
0 Measure of dispersionHow the data is spread out, like range
In this reading we will focus on the descriptive statistics, we would understand the concepts
through which we can describe huge amount of data sets, thus trying to make sense of the data
e Inferential StatisticsgThis branch of statistics deals with prediction or inference of the large set of
data (population) from small set of data (a sample)aAgxample suppose we want to know the
average height of the men aged between 20 and 25, then it would be impossible to measure the
height of each and every man. What we can do is to take a sample of the men across the various
cities/town/villages and theffind out the average. Using this simple average we can try to estimate
the average height of the men population. Please note that since we are trying to predict, there will
always be an error associated with the prediction. We will focus on this patdtdtes in Reading
10 and Reading 11.

2S KI@GS dzaSR (KS 62NR LRLIA FdA2y yR &l YLX S Ay

these terms

e PopulationcA population can be thought of as a universal set. It consists of the entire data set or
has e&h and every member of the specified group. As an example, all the men of India aged
between 20 and 25 would form a population. An important point to note is that the population
R2SayQi KIFE@S lyeliKAy3a (2 R2 g A0Kg, doKli@ngkroa¥eh y @ 3
virtual objects.

e Samplec A sample is a subset of the population or in other words we can say that a sample
contains some of the member of the population. It is impractical to conduct analysis on a
population and hence typically welect a sample from the population. The best is to get a random
sample from the population but sometimes we may be interested in something more specific. We
will cover Sampling later in Reading 10.
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Measurement Scales

When dealing with data, it becomasportant to organize the data. The ways in which data can be

organized are listed below

o Nominal (Grouping)This is thaveakest level of measurement scale. Hereamy categorize or
group the data. However in no way we would be able to find out whichpyod data is better as
there is no ranking done.
Exampleof Nominal Scale would be categorizing the stocks in Large Cap; Small Cap etc.

A Ordinal(Grouping and RankingThis is better measurement than the nominal scale. In this scale
the data is groupedsawell as ranked. In Ordinal scale the datardtered data (or ranked data)
which means assigning some rating or value to a group with a view that one group is better than the
other based on the value. However it provides no information on differencgsriormance
between groups.
Example:Categorizing the stocks based on performance; like assigning 5 star rating to the top 20%
stocks. Another example is of bond rating, where thedmare rated as AAA, AA, A etc., a bond
GAGK  NrXrdAy3a 2F 111 giAfft oS al¥SNJI GKFy GKI G
information on how much better the AAA bond is as compared to AA bond.

A Interval(Grouping, Ranking, includes exact distancEjis scale is one step further, here we work
with ranked data but we make sure that the difference between scale values are equal. Here the
values can be added or subtracted. However a value of zeedwas not mean the absence of
what is being measured, in simpler words this scale lacksNHzS We &ilNtB o @xplain this
concept using the below two examples
Example ITemperature is measured in Celsius scale which is an interval scale. Watesfat@
temperature of 0 but Zer8Cdoes not mean absence of temperature because we have temperature
value in negative also. In reality the true absence of temperature is observ@@3C which is also
Zero Kelvin. Now in the absence of true zero, We/cQ (i & I°@ is tlvigelthét of 4C, so a
meaningful comparison is not possible in this scale.

Example 2n GMAT examination, it is not possible for a candidate to score zero marks. The
candidates are assigned marks in multiples of 10. So a pscapimg 800 in GMAT has not score
two times that person who has scored 400 in GMAT.

A Ratio: Ratio scale is therengest measurement scale, it has all the qualities of interval scale plus it
alsoprovides a true zero. Since we have a true zero, meaningfaparison can be made among
values. This is the most important scale, here the datasets can be evaluated on the basis of ratio.
Example 1The amount of money a person has can be considered as Ratio scale, a person having
$10,000 has twice as much moraya person having $5,000.

Example 21n a typical traditional examination, having 100 marks, a person can score zero marks
also, here we can say that a person scoring 100 marks has scored 2 times of a person scoring 50
marks.

Note: For remembering the measement scale you can remember NOIR (meaning black in French).

Concept Builderi Identification of the scales

1. Inthe cases given below, identify what type of scale it represents
A. Ranking of mutual funds by Morning Star
B. Runs scored by a player in a crickettch
C. Measurement of temperature in Fahrenheit scale
D. Classification of students in a class on the basis of sex

Explanation

A. Morning Star, assigns a one star to five star ranking. Five star ranking is given to the best

da RSUSNNAYSR 08 az2zNyAy3a {idFNna SgI f dz ;7
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example of ordinal scale.

B.¢KS NdXzy &a02NBR OFIyQid o6S yS3riArAodSe ! ol G
batsman who has scored 50 runs. Hence, it is an example of Ratio Scale.
C. Fahrenheit scale like Celsiussdalé Say Qi KIF @S  (GNHzS T SNR:

between the temperatures and hence it is a measure of interval scale.
D. Classification on the basis of sex into male or female is just grouping and hence it is an e
of Nominal Scale.

LOS D. Define a parameter, a sample statistic, and a frequency distribution

Parameterg A parameter is a numerical quantity measuring some characteristics of the population. In
statistics we have to deal with many parameters, but from our point of view, wenaigly interested

in mean standard deviation of the returns. Parameters are usually denoted by Greek letters. For
example, population mean is denoted pypronounced as mwgnd population standard deviation is
denoted by (called as sigma).

Sample Stastics¢ A sample statistics is a numerical quantity measuring the characteristics of the

sample. A sample mean is denoteXbwhereas sample standard deviation is denotedshis
mentioned earlier, most of the times population parameters are not knawd they have to be
estimated from sample, soevind out sample statistics to make prediction of the population
parameter.

Mostly we deal with large data sets and it becomes difficult to deal with individual member of the set,
frequency distributionis a simpler way of dealing with the data.
The process of creation of Frequency distribution is outlined in the following steps
e Step 1- We first create a interval (also known as classyhich is basically a group. Following
points are important
A. An observabn has to fall in one of the interval.
B. The intervals should not overlap (that is they are mutually exclusive)
C. Also an interval has a lower limit and an upper limit.
Please note that an interval need not be a range always, it can be classified as one of the scale
measure. For example we can have a Class as
1. Just grouping (Nomina])Type of bond, Govt., private etc.
2. Ranking (Ordinal)AAA bonds, AA bonds etc.
3. Interval scaleg Have a range of return from these bonds
4. Ratio Scale Have the bond grouped as per the coupon rate
e Step 2¢Assign the observation in the data set to the class that you have identified in Step 1.This
process is called aallying the data.
e Step 3¢ Count the number of observation in each of the class, this number is called elasise
frequencyor frequency ombsolute frequency
Note: Please note that in the examination, you WDT be asked to construct a frequency distribution
table, the example below is an illustration of the process. However there can be a questilom(
probability ) where you would be asked to find the frequency of a class interval.
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Concept Builder Frequency Distribution

2. Given the following returns data for a stock in the month of January 20X1, construct a frequer

distribution table

-3.60 3.23 5.32 -5.84| -17.99
-7.14 2.26 6.42 6.70 17.51
-9.26 7.89 0.89 -2.85| -10.50
3.17 -3.25 2.09| -13.98 6.23

3.87 -6.70 1.20| -18.22| 18.57
Explanation

For each observation, identify which class interval it should belong to and draw a line in the Tally
column. Once done, count the number to identify the absolute frequency.

Class Interval Tally Absolute Frequency
20%K W f I 2
Mp: XK ow I 2
MIE: K w m 3
P XK ow i 4
I HH ] 7
prr XK w o F Hi- 5
MJE: XK w 0
MP2 XK ow Il 2
Total 25

LOS 7.cCalculate and interpret relative frequencies and cumulative reldteguencies, given a
frequency distribution

Lets now define the following types of frequency that we observe in a frequency distribution

e Absolute Frequency This is the actual number of frequency of a given interval. The minimum
value of absolute frequéne A& %9wh3 LG OFryQl o6S yS3araArogSo
e Relative FrequencygThis measures how much time one of the class has occurred as relative to

the entire class. Numerically,
Absolute Frequency
Total frequency
e Cumulative Absolute Frequen@and Cumulatie Relative Frequency Starting from the first

Relative Frequency =

class and moving down the classes, we can add the absolute and relative frequencies to get the

cumulative absolute and cumulative relative frequency. Since the frequency will always be

greater than or equald ZERO, the cumulative frequencies are always increasing or remaining

the same.
The below example will build upon the example #2 to explain the concepts of this LOS.
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Concept Builderi Relative and Cumulative Frequencies
3. Given the following returns data far stock in the month of January 20X1, construct a frequency
distribution table
Explanation
We will use the formula given in the text above to calculate each of the measure.
Cumulative Cumulative
Absolute Relative Absolute Relative
Class Interval Frequency Frequency Frequency Frequency
-H B K w 2 0.08 2 0.08
-Mpi: XK ow 2 0.08 4 0.16
-ME:R K w 3 0.12 7 0.28
Pz XK w 4 0.16 11 0.44
JE: K wd 7 0.28 18 0.72
pi: XK wF 5 0.2 23 0.92
MJE:2 K W 0 0 23 0.92
MPE: K w 2 0.08 25 1
Total 25 1

LOS 7.ddescribe the properties of a data set presented as a histogram or a frequency polygon
Histogramc It is a bar chart (without space between the bars) that is constructed using the frequency
distribution. On the X (horizontal) Axis we plot the Class and on the Y Axis (Vertical Axis) we plot the
frequency. Looking at the histogram, you can easily ifleatime distributiorcharacteristic, that is

which class has the highest, lowest frequency, how the data is dispersed etc. Hence histogram is a very
useful tool for an analyst.

0%=R<5%
5%2R<0%

15% 2R <20%
10% 2 R < 15%
5% R<10%
10%2R<5%
15% S R < 10%
20% 2 R <15%

Frequency Polygon This is a similar representation like the histogram,K B NE 6S R2y Qi R

bars. The migboints of the intervals are joined with a line to create a polygon structure.
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LOS 7.edefine, calculate, and interpret measures of central tendency, including the population mean,
sample mean, arithmetic mean, \ghited average or mean (including a portfolio return viewed as a
weighted mean), geometric mean,harmonic mean, median, and mode

Measures of Central Tendency Central tendency refers to the presence of center in a data set. There
are various measures thugh which we try to identify the central (or middle) point of a population or a
sample.Please note that practically it is expensive to find out the central tendency measures for a
population.

Population Meanis the average value of a population, ther@idy one meanfor one population The
formula for a population mean is given as

i=1 Xi
N
WhereX;are the individual members or data point of a population. N is the population size (that is the
number of data point in the population).

Sample Mearis the average value of a sample, there is @mlg meanforonesample. But from a
population we can create many samples; hence we can have many sample means for one population.
We compute sample mean and estimate the population mean from &nepde means.
The formula for a population mean is given as

- X

X = &=t
n

Note that we are using N (big) to denote the population size and n (small) to denote the sample size.

Arithmetic Meanis the simple average for any data set. The population and the sample mean which we

have explained above fall in the category of the arithmetic mean. Arithmetic mean is the most popular

measure of central tendency because of its calculation simplicity.

Properties of Arithmetic Mean:

1. Arithmetic mean is unique

2. Arithmetic mean is only applicable to interval and ratio scale. Arithmetic mean is meaningless for
nominal and ordinal scale.

3. Needless to say that arithmetic mean can only be computed by taking thefalnthe data points
in the set, its value will be inaccurate if you exclude some data purposely.

4. Sum of the deviations from the meanZER@ CA NBE G f S Qa RA deviafidhisth& I
distance between the mean and one data point.

Concept Builderi Deviation from the Mean

4. As an example consider the following data s&9, 20, 25, 5
The mean of this data set is (10+20+25+5)/4 = 15. Please note that there is no data point whi
Gl t£dzS 2F mpX a2 AldQa y 2 &ltoyoeofShe dataidnt. G K G Y
b2g fS0iQa FTAYR UGUKS RSOAIGAZ2YY

Data Point | Mean Deviation

10 15 (1015) =5

20 15 (20-15) =5

25 15 (2515) =10

5 15 (5-15) =10

Sum Of Deviation -5+5+10+0=0

Deviation is important information for a data ses it is a measure of risk. We will cover this poir
when we are covering the dispersion topic.

Advantages of Arithmetic Mean:

1. Easy to calculate

2. Mean uses all the information about the size and magnitude of the observation (or data points)
Disadvantages of Arithmetic Mean:
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1. Mean is highly sensitive to the extreme values, a higher value will be able to attract the mean
towards its side. For example in MBA colleges, average salary is not a good measure because some
students get very high saly and as a result, the mean is high. For the following datal€®t20, 25,
965,the mean is 250. See the impact on the mean because of the presence of a high number (as
compared to the previous exampld). such cases median is a better measure.

2. Mean cannot be calculated for a data set which is not finite, that is the number of data points is not
known.

Median: Median divides a data set into two equal parts; it means that median is thePditot of a

sorted data set. The data set can be sorteti@itin ascending or descending order.

For an odd number of data setedian is easier to identify as we have a data point which is the middle
value. For odd number, the median is {(n+1§/8hata point

Concept Builderi Calculation of median for odchumber of observation
5. A stock has generated the following returns over the past 5 days
-2%, 5%, 4%, 2%, 8%
Compute the median of the stock return?
Explanation
For computing the median, first we need to arrange the data in either ascending or descendng o
Lets arrange in ascending order
-2%, 2%, 4%, 5%, 8%
There are total of 5 data points, since this is an odd number the median will be {(5+1)/2}th numbe
(6/2)th or 3° number.
The 3 number here is 4%dence the median is 4%.

For an even number aflata set the median needs to be calculated. Median is the average of the
(n/2)" and ((n/2) + 1% data point (or observation)

Concept Builderi Calculation of median for odd number of observation
6. A stock has generated the following returns over the padays
-2%, 5%, 4%, 2%
Compute the median of the stock return?
Explanation
For computing the median, first we need to arrange the data in either ascending or descending o
Lets arrange in ascending order
-2%, 2%, 4%, 5%
There are total of 4 datpoints, since this is an even number the median will be the average of the
(40)2th and {(4/2)+1}th number or Average d¢f and 3° number.
2" Number is 2%,"8number is 4%. Hence the average is (2% + 4%)/2 = 3%
Hence the median is 3%.

Mode: The modes the most frequently occurring data point (or observation) in a data set (population

or a sample).

Unlike Mean and Median, It is not necessary that a data set should have a mode. If all the observation in
a data set is different, then it is said to ha\e Mode.

Unimodal¢ When a data set has only one observation which has the highest frequency (or most
occurrences) then the data set is said to h&@wme Mode(or Unimodal)

Bimodal-When a data set has only tvabservationshavingthe highest frequency (anost

occurrences) then the data set is said to have Two mode (or Bimodal)
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and hence finding mode is not possible, However, we can find out the class interval which has the
highest frequency, that class interval is said to bentfwelal interval.

Concept Builderi Mode
7. Find the mode for the following data set.
a. 5%, 7%, 9%, 11%, 13%
b. 5%, 7%, 9%, 5%, 11%, 13%,
c. 5%, 7%, 9%, 5%, 11%, 13%,13%
Explanation
a. There is no observation which is occurring more than once, and hence no mode exist
this data set
The observation 5% is coming twice in the data set, and hence the mode is 5%
c. The observations 5% and 13% are coming twice in the data set, so this is an example
bimodal distribution

Other Concepts of Mean
Earlier we have covered arithmetizean which is an important concept, but in investment we use
20KSNJ O2yOSLJia 2F YSIy Ffaz2sz FyR AGQa ¢2NIKgKAES

The Weighted Mean

The concept of weighted mean is used in portfolio analysis. The idea behind weighted mean is that not

all observation has the same weight and hence if we take a simple average, then the resulting answer

g2dAd R y2G 0S | OO0OdaNF 6S® . STF2NBE Y2@0Ay3a (G2 GKAa O2yO0S

Concept Builderin Why We Need Weighted Mean

8. Consider that you hav@ade investment in 3 stocks at T=0 and after one year (i.e. at T=1) you
the stock. You would want to know the return that has been generated. The purchase price (g
and the price at T=1 (the price at which you sold the stock) is given in tleeltalolw. Assuming
that you have purchased one share of each stock.

Stock Price at T=0 Price at T=1 Return
A $100 $120 20%

B $60 $66 10%

C $40 $80 100%

What should be the return as per your understanding, Should it be the arithmetic mean refttine?
[ SGQa 02YLIziS GKS FINARGKYSGAO YSIy

It would be equal to (20%+10%+100%)/3 = 43.33%

b2gsx fSGQa GKAY]l Ay GSNY 2F GKS Yz2ySe (KI G
the stocks at T=1.

Money Invested = $100 + $60 + $40 = $200

Money Received from selling the stocks = $120 + $66 + $80 = $266

So the return that you generated = ($26$200)/$200 = 33%

Now, compare the return that your portfolio has generated with the arithmetic mean return, they &
not same. Hence there should bewvay in which we should be able to find out the mean return.
Weighted mean is the concept through which we would be able to find out that.

In weighted mean calculation, we assign a weight to each observation. For stocks in the portfolio, the
weight isthe amount of money invested in them.
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X, = Z(WiXi) = WXy + WoXo + WaXg 4+ oo ee e e+ + WX,

i=1
Where, X, %2  Xaie the observations
W, W, X X dre the weights assigned to these observations
Please note that, it is must to have the sum of the weights equal to 1, thdt i§W;) = 1
In case of a portfolio of stocks, the Weight is given as

. _ Amount invested in the ith stock
o Wel‘,ghf B Total amount in all the stocks o .

b2g fSiQa az2tdS UGUKS SEFYLXS 02@0S dzaAy3d UKS ¢S
answer

Concept Buildefi Weighted Mean

9. Consider that you have made investment in 3 stocks at T=0 and after one year (i.e. at T=1) y
the stock. You would want to know the return that has been generated. The purchase price (g
and the price at T=1 (the price at which you sold the stock) is given in the table below. Assum
that you have purchased one share of each stock.

Stock Price at T=0 Price at T=1 Return

A $100 $120 20%

B $60 $66 10%

C $40 $80 100%
Explanation

First We need to calculate the weight of each of the stocks in the portfolio

W, = Amount invested in A / Total amount invested => $100/$200 = 0.5

Ws = $60/$200 = 0.3

W= $40/$200 = 0.2

Please check that the sum of the weight is equal to 1 => 0.5+0.3+0.2 =1

Now, apply the weighted mean formula on the returns that we are seeing

Weighted Mean Return = \\Ry+ Wi Re+ WL R, = 0.5*20% + 0.3 * 10% + 0.20%6 = 10% + 3% + 20%
E Weighted Mean Return =33%

This is the same return which we got in the previous example.

Hence, for portfolio return, weighted mean is the appropriate return measure.

The Geometric Mean
Geometric mean is used to calculate investmezitirns over multiple time periods. It is also used to
compute the average growth rate over a period, for example, the average sales growth of a firm over
last 5 years. When calculating the average growth rate it is called as Compoumuesl Browth Rate
of CAGR.
The formula for Geometric mean is given below
GM = "\[X1X2X5 oo oo oo X

Giventhatx n F2NJ AImM I HX o XX Y
Where, GM is the Geometric Mean.
X, %2 X Xare the observation and n is total number of observation

| 26 SOSNJ (KA a uled Watizilate th©Gegrieiric mesn of the returns, because the
NEddNya OFy 0SS yS3alrdagsS FyR ¢S Ol yQid KF @S yS3t
So, a solution for that is to replace each Xi with (1 + Return in decimal form). Now for any traditional
investmentthe return will not be lesstham n &> 6 G KIF G Aa &2dz OFyQd t2a8s
invested), so we will not have any negative value inside the root.

So, for returns the Geometric Mean is given by the following formula
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